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Abstract

The nation of an m-group as algebraic system is relatively new and was intrudes by (Giraudet, M.
and Rachunek, J.,1999) when they were studying order properties of monotonic permutation groups
of linearly ordered sets. In the present study the containment relationships between the varieties of
m-groups will be exhibited where we will prove that the set of all varieties of m-groups are lattice
and semigroup. The connections between the varieties of §m, Am, Rm, N'm and Anm will be
described.
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Section 1: Introduction

A partially ordered group (po-group) is a group (G, +) with a partial order < that is compatible

with the group operation; that is, forall a, b, x,y € G
a<bimplies x+a+y<x+b+y

If the partial order is a lattice order, then is called a lattice ordered group (£-group). If the partial
order is a total order, then G is called a totally ordered group (o-group) (Fuchs, L. 1963, P9) .

A variety of £-groups is a non-empty collection of €-groups closed under £-subgroups, £-
homomorphic images, and cardinal direct products. Equivalently, it is the collection of all £-groups
defined by some (possibly infinite) set of equations (involving the group and lattice operations). The

set of all £-group varieties is a complete lattice. A variety V is said to be generated by {Gi | i € 1}

€ V if V is the smallest variety containing {Gi | i € I}
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t-var{Giliel}=N{velL|V2{Giliel}}.

The set of all £-group varieties is a semigroup where G belongs to UV if and only if there exists
an (-ideal H of G such that H €U and G/H €V.

Let £ be the variety of all £-groups; € the variety of all one-element £-groups; A the variety of all
abelian £-groups; R the variety of all representable £-groups (those (-groups that are subdirect
products of totally ordered groups); and N the variety of all normal-valued C-groups (Reilly,
N.1989,P228).

An m-group is an algebraic system H of signature m = (H, e, %, V, A, @), where (H, e, %, V, A)
is an £-group and the unary operation ¢ is an order 2 automorphism of the group (H, e, ) and an
anti-automorphism of the lattice (H, V, A,). (Giraudet, M. and Rachunek, J. 1999,P745).

Let H be £-group, and for all u eH we denote ¢u: H — H be the inner automorphism of H defined
by @u(x) = uxut.

For two m-group structures (H, ¢) and (H, ¢') in I(H), then we defined relation on 1(H) by (H,
@) # (H, ¢") if and only if for some ue H, @(u) = u™ and p¢' = @..

Examplel.1: consider the group

G2 ={ao, a1, b | [ao, a1] =€, a® =ay, ai’ = ao}.

Each g €G; has unique representation in the form g =b*ao™ a1", k, m, n € Z. With respect to the
P

lexicographic order
g>es k=00rk>0,m>0,n>0
G2 is an £-group. Define the mapping ¢: G2 — G2 by
0(g) = b *ap Ma; ";

then (G, ¢) is m-group.

Examplel.2. Let G be a m-group and G| # @ then there is an element ue G| with u? = e, and if @u:
G1—Gt1 is the inner automorphism defined by ¢u(x) =uxu™ then (G 1, ¢u) is m-group. (Giraudet, M.
and Lucas, F. 1991).

Section 2: The ordered semigroup Of Varieties Of m-Groups.
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The class of all m-groups, denoted by ., forms a variety of signature m .Let M be the set of all
varieties of m-groups, it is natural to defined a partial ordered on the set of all m-groups varieties M,

by using set containment.

Forall Wand V in M, defineV<U ifand only if V < U.
The partial order < on M becomes a lattice order, if one defines for Vi € M (i€ I)
Aie 1 Vi = Nie1 Vi,
VieirVi=Niet {UEM | U=V i€ I}.

Since M contains both a greatest element M is the largest variety of m-groups, since it contains
every other variety of m-groups, and the least element is the trivial variety ém where is the smallest
variety of m-groups, since it is contained in every other variety of m-groups. The definition of A and
V on M suffice to make M a complete lattice.

Let U and V be varieties of m-groups. Then the product of U and V is the variety UV defined by:
(G, ) €UV ifand only if there is an m-homomorphism of (G, ¢) onto an element in V with the kernel
in U. (In other words: There is an m-ideal A of (G, ¢) such that A€ U and G/A € V). (Zenkov, A. and
Isaeva, O, V. 2021,P55).

Proposition 2.1. If U and V are members of M, then UV is an element of M.
Proof: we will prove that UV satisfy the definition of varieties.

Let (G, @) € UV, then there is an m-ideal A of (G, ¢) such that A€ U and G/A € V. For an m-
subgroup H of (G, ¢), A A H is an m-ideal of H, and an m-subgroup of A. Also, H/ (A A H) is m-
isomorphic to AH/A, and AH/A is m-subgroup of G/A. Consequently, AAH e Uand H/ (AAH) €
PV, since U and V are varieties. Thus H € UV.

Let {(G(i), @), i €1} be element of UV. then for each i €l, there exist an ideal H(i) of (G(i), ¢), such
that, H(i) €U and G(i)/H(i) € V. Consequently, [TH(i) €U and []G(i)/H(i) €V. Whence, [] H(i) €U
and [TG()/TTH(i) €V, thus ([1G(i), o) € UV.

Finally, let (G, ¢) € UV, then (G, @) contains an m-ideal A such that A€ U and G/A €V . Let f be an
m-homomorphism of (G, ¢) onto (G', ¢), then G/kerf is m-isomorphic to G*, the m-homomorphic
image of A, f(A) in G' is an m-ideal of G'. the quotient group G'/ f(A) is an m-homomorphic image of
G/A. Thus, f(A) €U and G'/ f(A) €V. Therefore (G', ) € UV.

Proposition 2.2. Let ‘U, V and W be elements of M, then U(VW)= (UV)W. In the other words,
multiplication is associative.

Proof: Let (G, ¢) € U(VW), then there exists an m-ideal A of (G, ¢) such that A € U and G/A € VW.
Since G/A € YW, G/A contains an m-ideal H/A such that H/Ae V and (G/A)/(H/A) is m-isomorphic
to G/He W.
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Now, A € U and H/Ae V implies that H € UV. Since G/H € W; it must be that G € (UV)W.
Therefore U(VW)<S (UV)W.

Conversely, let G € (UV)W and let B be the largest convex subgroup of G belonging to UV. Then
G/B € W. Let C be the largest convex subgroup of B belonging to ‘U, then B/C € V and C is an m-
ideal of G. Thus C € U, B/C € V and since (G/C)/(B/C) is m-isomorphic to G/Be W, we also have
(G/C)/(BIC) € W. Therefore, G € U(VW)

Proposition 2.3. For elements U, V and W of M, if U <V then UW < VW and WU < WV.
Proof: Assume U <V and (G, ¢) € UW. Then, there exist an m-ideal A of (G, ¢) such that A € U
and G/A € W. Since U <V, then A € V and thus, (G, ¢) € V W. Therefore, UW < VW.
Let G € WU. Then, there exist an m-ideal A of G such that A € W and G/A € U. Since U <V, then
G/A € V and thus, G € WV. Therefore, WU < WV.

By propositions 2.1, 2.2 and 2.3, M is a lattice, and a partially ordered semigroup. The semigroup
(M, -) has an identity, namely &, since &V =V and Vén =V for all V € M]. (Giraudet, M. and
Rachunek, J. 1999,P746).

Section 3: Containment Relationship.

Now we will describe some examples of varieties of m-groups.

Definition 3.1: For any £-group (H, <), let H'= (H, <") denoted by ¢-group obtained from H by
reversing the order; thus a<" b if and only if b <a. Let H. = (H., <) denote the £-group obtained from
H by reversing group operation o; that is with group operation * given by a *x b = b o a. Both H" and
H. are ¢-groups. (Huss, M. and Reilly N. 1984).

For a variety V of ¢-groups, V* will denote the variety of those H* with H in V, in other words, the
variety whose defining set of equations is obtained from that of V either by exchanging A and Vv or
by reading the operations from right to left.

Definition 3.2. A reversible variety is a variety of £-groups such that V = V~.

Huss and Reilly has proved that £-groups varieties A, R, NV and A" for each positive integer n are
reversible varieties.

Theorem 3.3. Each set of identities defining a reversible variety of £-groups defines a variety of m-
groups.
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Proof. LetV =V be areversible variety of £-groups and let H €V. Then H*, and hence also H x H*,
satisfy the same (-group identities as H. Therefore, the m-groups in the form (HxH=, Exch), where
H is an arbitrary £-group in V, generate a variety of m-groups with the same ¢-identities as V.
Corollary 3.4. The ordered semigroup M of varieties of m-groups contains a copy of the set of
reversible varieties of all £-groups as a A-subsemilattice.

If V is a reversible variety of £-groups, then the variety of m-groups defined by the same -group
identities as V will be denoted by Vm. A variety U of m-groups will be called an (-variety if U = Vn
for some variety of £-groups V.

Examples 3.5 Am, Rm, N'm and A"y are varieties of m-groups.

On any abelian £-group H, one can define a mapping Inv such that for each a €H, Inv(a) = a %, and
that (H, Inv) is an m-group.
Example 3.6. The variety | is the variety of m-groups defined by the identity ¢(x) = Inv(x) = x ..
Proposition 3.7. The variety | is generated by the m-group (Z, Inv). (Zenkov, A. (2006), P62)
Proof. Let (G, Inv) € I. Clearly, G is abelian, hence it lies in the variety of £-groups A generated by
(Z, ). The rest follows from the fact that Inv is definable in the language of groups.
Theorem 3.8. The variety I is the smallest proper variety of m-groups (I is cover of &m ).
Proof. LetV be a non-trivial variety of m-groups and let {e} # (G, ¢) € V. Takee < x € G and sety
= xo(x) L. Then ¢(y) =y}, hence the m-subgroup generated by y in (G, o) is a copy of (Z, Inv), a
generating structure for 3. Therefore | € V.
Example 3.9. The variety C is variety of m-group defined by the identity [x, ¢(x)] = e.
Example 3.10: Consider the m-group (G2, @) Obviously, go(g) = ¢(g)g for each g €G2, hence (G2, ¢)
eC.

Further, set A= {aP-12 a%0>; p, g €Z}. Then A is a commutative m-ideal of (Sz, ¢) and (So/A, @) EAm,
hence (Sz, ) €EA?m.

From this we get the following theorem.

Theorem 3.11 &) An is strictly included in C.

b) € N Am? # Anm.

proof: a) Follows from the fact that Am is a proper subvariety of C.

b) from last example, let (G, ¢) € C and (G, ¢) € A?n, then (G, ¢) € C NA?m, and since (G, ¢) ¢
Am, then € N A2m # A m.

Theorem 3.12. Am is the smallest m-variety between | and €. (Hence Am covers J.). (Giraudet, M.
and Rachunek, J. 1999,P758).
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Proof: LetV be a variety of m-groups such that I € V< C. Let (G, ¢) €V be such an m-group that
¢ # Inv, i.e., that there exists a €G with @(a) # a . Let us show that there exists an element e <b €G
for which @(b) # b™™. Let on contrary ¢(b) = b™* for each e < b €G. Then a = a*-(a’) ! implies ¢(a*)
= ¢(a)-p(@) and thus (a") ! = @(a)-(@)™?, that means ¢(a) =((@)™* a") * = (a’(a) 1) = a’,
contradiction.

Hence, consider an element e < b € G for which ¢(b) # b~ Let (b) N( ¢(b))={e} and letk, p € Z,
o(b)*=bP, 0 < p. Then k < 0 and p(b)¥ = bP, b¥ =¢(b)P, therefore o(b)** = bP* = b¥. Consequently p? =
k? and so k = —p, that means @(b)* = p(b) P. Hence @(b)” - bP = e, and since G €C, ¢(b) - b°=e. This
implies (b) - b = e, thus ¢(b) = b™%, a contradiction.

Since ((b), <) = (Z, <) and ((p(b)), <) = (Z, <), the subgroup of G generated by {b, ¢(b) is an m-
subgroup of (G, ¢) isomorphic to (ZxZ*, Exch). Therefore we have Am S V.

Theorem 3.13. € NRm = Anm
Proof: Clearly Am € € NRm. Take (G, ¢) € € NRm. G is a subdirect product
of m-groups (G; xG*i, Exch), where each Gi is a totally ordered group, hence for all g = ((ai), (b)) €
G NJ] (Gi xGi) we have
g - 9(9) = ((@i), (bi)) - (Exch (ai), (bi)) = ((aibi) (biai)).
Since G € €, ajbi = biai.
So all the o-groups Gi, and hence the £-group G, are in the £-group variety A , therefore the m-group
(G, o) belongs to Am.
Example 3.14. The variety J is the variety of m-group defined by J = Uneo | ", the smallest variety
of m-groups containing the powers of I.
Theorem 3.15. €NJ = 1.
Proof: First we prove that CN 1 2= 1. Take G € | 2. There is an m-ideal M of G such that M € | and
G/M € 1. Since G/M € I, the following identity holds in G/M:
(gM) - o(gM) = M.
In other words, g - ¢(g) € M for all g € G, and since M € I,
If, moreover, G € C, this yields hence g - ¢(g) = e.
Now assume € N | "1 =1 forsomen>2.Then I € N 1" =12, and hence
cnin=¢enienitr=eniz=l.
These yields
CNJ=CN (Uneow ") =Unew (€N 1" =1.
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Corollary 3.16. a) An N J = 1.
b) J is strictly contained in NVm.
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