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Abstract 

 The article analyzes the main approaches to mathematical modeling of physical processes in 

plasma. It is proposed and develop a mathematical model based on the magnetogasdynamic 

approach to describe plasma. As a result of the comparative analysis of existing turbulence models 

and comparing the results of simulations with the works of other authors and the results of 

experiments, it has been chosen SAS - SST model of turbulence. The comparative analysis of the 

results of simulation of a free-flaming electric arc of atmospheric pressure has shown an acceptable 

quantitative and qualitative agreement of the obtained result with the experimental data. Tolerance 

was up to 6% for temperature values and up to 3% for maximum velocity values at arc axis. 

 

Key words: plasma; plasmatron; gas-dynamic protection; cathode assembly; mathematical 

simulation of plasma flows; SAS - SST model of turbulence. 

 

Introduction 

One of the main tasks of the theoretical study of plasma processes is to determine the local physical 

parameters of the plasma and to establish their relationship with the external energy and geometrical 

parameters of the plasmatron. Generally, engineering problems require the formation of a certain 

distribution of plasma temperatures and flows that meets the specific conditions of practical use. 

This is usually achieved by varying the current intensity, the plasma gas flow rate, the generator 

operating mode and the plasmatron geometry. That is only by adjusting the external parameters of 

the plasmatron. 

 

A significant leap in the use of plasma can be achieved by direct control of plasma flows. This 

problem can be solved by means of mathematical simulation, where different mathematical models 

describing physical processes in plasma are used to investigate a real object. 

 

There are three main methods of theoretical description of plasma processes: microscopic 

description using drift approximation; statistical description based on solution of kinetic equations 

together with Maxwell equations, and macroscopic description using magnetogasdynamic 

equations. 

 

For the design problems of gas-dynamic protection of cathode assemblies, the macroscopic 

description is the most common, which is the most justified from the point of view of cost-

effectiveness of calculations. The use of other approaches is difficult. Thus, practical study on the 

basis of kinetic equations faces significant mathematical and computational difficulties due to the 

fact that this system is already a set of equations in four-dimensional phase space for two-

dimensional problems [1].  

 

The existing methods for calculating the modes of gas-dynamic protection of thermocathodes are 

based on the equations of gas dynamics. However, in practice such methods do not allow to obtain 

information about a significant number of parameters determining the operation of plasma 

equipment. From the point of view of thermocathode protection, the main question is the reasonable 
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assignment of critical partial pressure value. In the works [1, 2], as such a value it is suggested to 

use air pressure, at which the emission current decreases to the value of 0.75...0.8 of the emission 

current in vacuum. This choice is justified by steeply falling character of dependence of the thermal 

emission current value on the air pressure. However, the critical partial pressure value (Pcr) depends 

on the emitter temperature. Therefore, from the physical point of view, the critical partial pressure 

for the thermocathode should be considered as the value at which there is a transition from the 

diffuse form of the arc binding to the contracted one. At this transition, there is a sharp increase in 

the specific heat flows into the cathode and, as a consequence, a spike in the emitter erosion.  

 

This transition will be influenced not only by the properties of the emitter material, but also by 

geometry of the cathode assembly, the gases velocity and parameters of the electric field in the 

cathode sheath. For more accurate simulation and understanding of the essence of physical 

processes occurring near electrodes, it is necessary to consider the equations of flow of 

multicomponent medium in magnetogasdynamic (MGD) formulation, taking into account the action 

of electric and magnetic fields. 

 

Purpose  

To develop a mathematical model to describe physical processes in plasma based on the 

magnetogasdynamic approach.  

 

Research methodology 

The studied mathematical model is applicable to dense plasma, where the free path length of 

particles λ is small compared to the characteristic spatial scale L (Knudsen number Kn = λ/L << 1), 

and the characteristic duration of processes T is large compared to the time τ between particle 

collision. In this case, the distribution functions can be represented as sums of series on small 

parameters λ/L and τ/T with Maxwell function as the zero expansion term [3]. Then, 

magnetohydrodynamic equations can be derived as equations for the moments of the distribution 

functions. 

 

Also the mathematical description is based on the MGD approach to plasma as a continuous 

medium based on gas-dynamic equations, Maxwell equations and relations for thermodynamic 

parameters in ionized gas.  

 

The model is obtained taking into account the following assumptions (except for the cathode 

sheath): 

 

• The plasma is assumed to be quasi-neutral. Three types of interaction between particles are 

realized in plasma, namely: “charge – charge”, “charge - neutral atom”, “neutral atom - neutral 

atom”. Interactions of the “charge – charge” type are caused by electrostatic forces. Other 

interactions are caused by forces of quantum-mechanical nature. Local deviations in the 

concentration of charged particles lead to electric fields in plasma, which prevent further charge 

separation. Due to this, the condition of quasi-neutrality is fulfilled in plasma on the 

macroscopic level: ne = ni or ne =  (Za na)a in the case of multi-charge ions or multi-

component plasma. Here ne, ni are concentrations of electrons and ions, respectively. 

• The plasma is assumed to be thermally equilibrium – electric arcs are characterized by a low 

degree of ionization, so that the arc plasma has a high electrical resistance, with the result that 

joule heat generation plays a prominent role in heat transfer. This process leads to an increase 

in the gas temperature and contributes to the temperature convergence of its components. 
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• The gas composition in thermodynamic equilibrium can be determined through the 

thermodynamic parameters of the gas. Ionization equilibrium in plasma is described on the 

basis of the Saha equation: 

 

  

  (1) 

        

 

where g is the statistical sum; me is the electron mass; T is the absolute temperature of the gas 

particles; U is the energy required to remove electrons from a neutral atom. 

 

• In plasma, Ohm’s law is valid in its simplest form j = E, where j is the emission current 

density;  is the electrical conductivity of gas; E is the electric field strength. 

• The expression for the pressure can be written as the sum of pressures of individual components 

 

 (2) 

 

where k – Boltzmann constant.  

•  The mechanism of electron emission is assumed to be thermo-emission following Richardson’s 

law: 

   

  (3) 

 

where e is the electron charge; A is the thermoelectric constant;   is the electron work function 

(potential) from the cathode. 

 

Taking into account the above assumptions (1) - (3), it is assumed that the plasma is in the state of 

local thermodynamic equilibrium (LTE) and in each investigated region is characterized by two 

thermodynamic parameters: temperature and pressure. In the frames of this very approximation, the 

plasma processes have been studied in this work. 

 

The equations for this model are obtained from the corresponding general moment equations (4) - 

(6) and are written down as follows:  

 

 

 

  (4) 

 

 

 

The electric and magnetic field 

strengths are found from Maxwell's equations: 

 

  (5) 

 

where D – electric induction; e – суммарный заряд; B – magnetic induction; H – magnetic field 

strength.  

 

The energy balance equation is used to determine the temperature: 
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 (6) 

 

 

 

  

 

 

Where h = 2,85 e ; h + = 8,2 e ; Еi – reduced ionisation potential;  

RD – Debye radius;  – density; p – pressure; u – gas velocity. 

 

The value Urad included in (6) represents the total radiation of the argon plasma, which was 

modelled as a negative bulk source. In order to determine dependence of the total radiation on the 

temperature, it was used the calculation method presented in the work [1].   

 

Expression (6) describes the radiant losses due to braking and recombination radiation, as well as 

discrete transitions between excited states of atom and ion. The calculation result for an equilibrium 

argon plasma using this formula is given in Fig. 1. 

 

It is well known that the system of Reynolds-averaged Navier-Stokes equations (4) is closed by 

turbulence equations. However, the variety of existing approaches to describing flows requires a 

more detailed consideration of the main of them and a reasonable choice of a turbulence model that 

will meet the requirements depending on specifics of the object studied. A detailed analysis of 

applicability of the various approaches for calculating flows is presented below. 

 

Let’s consider peculiarities of simulation of flows in gas discharge channels of plasmatrons. 

 

 
 

Figure 1 – Total radiation of equilibrium argon plasma depending on temperature at atmospheric 

pressure:  

1, 2, 3, 4 – experimental data; 5, 6, 7 – calculated data 
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When investigating plasma gas flows in electric arc devices, the following main features of the 

simulated system take place: 

• multicomponent nature;  

• complex geometrical flow regions; 

• availability of additional equations to describe electrical characteristics of the arc; 

• essential non-linearity of the equations, first of all, due to dependence of transfer 

coefficients on temperature;  

• heterogeneity of the flow character. 

 

Consequently, the main criteria for choosing a turbulence model should be: ability to represent 

correctly the flow pattern with flow detachment and formation of discrete vortex; the turbulence 

model should not be computationally demanding and the solution should have little dependence on 

the quality of the finite-element grid. 

 

Numerical calculations have traditionally used turbulence models based on averaged Reynolds 

equations. The most common are the RNG k-ε, SA and SST turbulence models. They are justified 

from the point of view of saving computational resources, they are not sensitive to the grid quality, 

and allow to obtain reliable results for discontinuous flows in most cases. 

 

Let’s consider existing models of turbulence in plasma. In the electric arc plasma generators, both 

laminar and turbulent gas flow modes can be realised. Therefore, a mathematical model of gas flow 

in the cavity of cathode node should take into account both of these modes. Although the solution of 

non-stationary Navier-Stokes equations gives an opportunity to describe real turbulent flows, 

practical investigation of turbulence by methods of direct numerical simulation using the system of 

Navier-Stokes equations is difficult today because of high computational costs. 

 

As an alternative approach, the Reynolds averaging method (RANS models) is currently the most 

widely used. It is assumed that the averaged values of the ripple components are zero, but the 

average of products of fluctuating components are not equal to zero. In averaged motion equations, 

additional terms (Reynolds stresses) appear, which describe the change of momentum caused by the 

interaction of turbulent velocity pulsations. To determine the Reynolds stresses, the Boussinesq 

hypothesis [4] is usually used which relates them to the averaged velocity gradients: 

 

 

 (7) 

 

 

 = L + T,  = L + T. 

 

The resulting equations describe the behaviour of the averaged characteristics of turbulent flow if 

the effective values equal to the sum of molecular (laminar dynamic) and turbulent viscosity and 

thermal conductivity respectively are taken as viscosity  and thermal  conductivity coefficients. 

 

To determine T and T, there are numerous semi-empirical theories of turbulence, which can be 

conditionally subdivided into algebraic and differential models. We limit to analyzing the 

applicability of those turbulence models, which are implemented in existing commercial CFD 

packages, to the problems in question. The two-parameter k-ε and k-ω models and their 

modifications are currently the most widely used among them. 
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In the classical k-ε Lander-Jones model [5], the turbulent viscosity in the system of equations (7) is 

determined from the Kolmogorov relation:  

 

 

  (8) 

 

 

where k – kinetic energy of turbulent fluctuations;  – turbulent energy dissipation rate; C = 0,09 – 

model empirical constant; f – function of turbulent Reynolds number.  

 

In order to determine the kinetic energy of turbulence and its dissipation rate, two additional 

equations are used in the k-ε model:   

 

 

 

 

 

 (9) 

 

 

where 

 

 

 

  

 

 

 

 

 

gi – gravitational acceleration component along the xi; 

 

 

 

 

 

 



DEVELOPMENT OF A MATHEMATICAL MODEL TO IMPROVE THE GAS DYNAMIC PROTECTION OF PLASMATRON 
CATHODE ASSEMBLIES 

 

2111 
 

In order to simulate laminar flows, the system of equations k-ε model is modified, namely, it is 

assumed that т = 0 and k = 0. The transition of laminar flow into turbulent flow and turbulent flow 

into laminar flow is simulated with the function f [6]. 

 

Numerous publications indicate that using the equations of k-ε model it is possible to describe a 

wide class of turbulent flows quite adequately. However, for example, when describing swirling 

flows, the model gives incorrect results [7]. It should be noted that equations of k-ε model are valid 

only for developed turbulent flow. In the vicinity of solid surfaces, special consideration of setting 

of boundary conditions for k, ε and tangential component of velocity vector near the wall is 

required. In a number of studies dedicated to simulation of turbulent flows in plasma generators in 

order to eliminate drawbacks inherent to k-ε model, it was replaced by other models in the near-wall 

region. For example, in the work [8], Prandtl model with subsequent cross-linking of models was 

used for this purpose. This approach, however, does not guarantee quality results. For complex 

flows, cross-linking the Prandtl mixing length model and the k-ε model becomes problematic. 

 

It should be noted that in view of the introduced design criterion, it becomes particularly important 

to simulate flows in the near-wall region of the cathode assembly. Due to the fact that the viscous 

gas velocity near the wall is low, this is where active gases should be expected to break through into 

the cathode sheath. Therefore, the application of the standard k-ε model for selecting the flow 

geometry of cathode assemblies and the modes of protective gas supply requires justification. 

 

Further modifications of the standard k-ε model allowed to some extent eliminate its defects. 

Among these modifications, the RNG k-ε model has to be highlighted the most. The RNG k-ε 

model has been developed on the basis of strict statistical methods (renormalization group theory). 

The main differences between RNG k-ε and the standard k-ε model are as follows. In the standard 

model the values of constants are obtained on the basis of its fitting to experimental results. The 

RNG model gives analytical expressions for the constants. This is especially significant with respect 

to the constants of the equation for ε as the way of its derivation and the values of the constants 

have been repeatedly analysed and criticised [3]. 

 

While the standard k-ε model is a high Reynolds model, the RNG theory provides an analytically 

derived differential effective viscosity formula which is more suitable for calculating low Reynolds 

flows which are most common in industrial plasma equipment. 

 

These features make the RNG k-ε model more accurate and reliable for a wide range of turbulent 

flows, in particular when simulating the flow of gases in electric arc plasma generators. The k-ω 

turbulence model uses the turbulence frequency equation ω instead of the energy dissipation 

equation. This equation has significant advantages near the wall surface and accurately predicts the 

scale of turbulence in flows with large pressure gradients. Moreover, this model has a very simple 

low Reynolds formulation. 

 

The expression for turbulent viscosity using the k-ω model is written as [9]: 

 

  

 (10) 

 

Two additional equations are used to determine the turbulence kinetic energy 

and turbulence frequency: 
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 (11) 

 

 

 (12) 

 

where  = 3/40; * = 9/100; k1 = 1/2; 1 = 1/2. 

The advantage of this model over various formulations of the k-ε model is a better fit of simulation 

results to experimental data in the near-wall region, which has been repeatedly confirmed by 

various researchers in numerical experiments. At the same time, its use for simulation of turbulent 

flows outside the boundary layer may lead to large errors.  

In the work [10], an approach was proposed which allowed combining k-ε and k-ω models of 

turbulence, using each of them where it’s the most accurate: k-ε - in the region of developed 

turbulence and k-ω - in the near-wall regions. 

For this purpose, the equations of the k-ε model were rewritten in an equivalent k-ω formulation: 

 

 

 

 

 (13) 

 

 

 

 

The 

equations (13) of the standard k-ω model were then multiplied by the F1 function and the 

transformed equations of the k-ε model were multiplied by the 1-F1 function. This function plays 

the role of a switch between the models and is constructed to be equal to one near the wall and 0 – 

away from the surface. 

 

Adding these expressions results in the basic formulation of the combined model (14). 

All empirical constants Ф1 of the standard k-ω model, Ф2 of the transformed k-ε model and Ф of the 

combined model are connected by a relation (15). 

 

In addition to combining k-ε and k-ω models in the model proposed by Menter, called the SST 

(shear-stress transport) model, another fundamental innovation has been introduced. An important 

advantage of the Reynolds full-stress transport models compared to the two-parameter turbulence 

models studied is the adequate accounting of the turbulent shear-stress transport. 
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 (14) 

 

 

 

 

 

 

Ф = Ф1 F1 + (1 – F1) Ф2. (15) 

 

It has been suggested by Mentor that the F1 function should be chosen in the form of a stable 

computation: 

 

F1 = tanh(arg1
4), (16) 

where  

 

 

 

 

 

y – distance to the nearest wall; 

 

 
 

More often, the swirling nature of the plasma gas supply has to be taken into account when 

modelling flows for plasma equipment. 

 

However, most authors, when applying RANS models of turbulence, ignore the fact that they are 

not suitable for describing swirling flows. It is well known [11] that curvature of current lines and 

flow rotation have a significant effect on the characteristics of turbulence and can lead to both its 

significant intensification and suppression. These effects are, in principle, automatically described 

within the framework of Reynolds stress transport models. In the framework of linear models, 

however, special corrections must be introduced in order to take them into account. The most 

successful of such corrections seems to be the Spalart-Shur correction [12], which takes into 

account the single nature of curvature effects of current and rotation lines and is applicable, 

generally speaking, to any linear models. However, a specific calibration of the correction called 

“Rotation-Curvature correction” (RC) has been done for SA and SST model. 

In the SARC model, the generative component P is modified by multiplying by an empirical 

function: 

 

 (17) 
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The function (17) depends on two parameters r* and    , which are measures of curvature of current 

and rotation lines. 

 

The results obtained in the works [1, 2] in the framework of the gas dynamic approach showed 

satisfactory agreement with the experimental data (given in Fig. 2), which allowed to conclude that 

the SST, RNG k-ε models meet the requirements for turbulence models when describing the 

character of flow in the gas discharge channel of plasma equipment. However, this conclusion is 

based on results obtained without considering the thermal effects of the electric arc. In order to 

adequately describe the complex turbulent nature of the flow with the presence of tear zones and 

recirculation flows associated with the movement of the electric arc roots, a more reasonable choice 

of turbulence model is needed. 

 

The models considered above do not meet the requirements and are not applicable to the calculation 

of such complex flows. 

 

Figure 2 – Turbulence intensity for a swirling flow 

 

LES model. The equations underlying LES can be derived from the Navier-Stokes equations by 

representing all variables as a sum of the large- and small-scale components and applying a 

filtration procedure to the resulting equations. The final form of the basic LES equations for 

compressible gas: 
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 (18) 

 

 

 

 

The only formal difference between equations (18) and Reynolds equations is a difference in 

notation of additional summand appearing in right parts of equations of motion and energy as a 

result of spatial filtration of convective terms of Navier-Stokes equations (LES) and their time 

averaging (RANS): in LES equations these terms have index “SGS” (sub-grid), and in RANS 

equations – index “t” (turbulent). However, behind these different designations, there is a 

fundamentally different physical content of LES and RANS approaches to describing turbulent 

flows, which is directly manifested at the stage of system closure (18), i.e. when building turbulence 

models (as well as simulated terms themselves), these models are called sub-grid. 

 

Thus, additional (containing Reynolds stresses) RANS terms describe the effect of all turbulent 

inhomogeneities on the averaged solution, while similar terms of LES equations (“sub-grid” 

stresses) describe the effect of only relatively small (smaller than filter size Δ) vortices on the time-

dependent solution of filtered equations. In other words, within the LES framework, vortex 

structures with sizes larger than the filter size are resolved “exactly”, and only smaller vortex 

structures are simulated. To emphasise this, turbulence models for LES are referred to as “sub-grid” 

models. 

 

From the above description, it becomes clear that if the filter size corresponds to a wave number kΔ 

lying in the universal (“inertial”) region of the turbulence energy spectrum, that is, if kI < kΔ < kd, 

then only relatively universal (independent of specific geometry and boundary conditions) vortices 

are subject to simulation. As a result, the role of the undercut model in LES is reduced to ensuring 

the correct cascading rate of turbulence energy transfer from large to small vortices within the 

inertial wave number interval or, in other words, the correct dissipation rate of the smallest 

“allowed” vortices.  

 

This is the fundamental advantage of the LES over the RANS approach, which requires simulation 

of all, including large energy-containing vortices that do not meet any universal law. From a 

practical point of view, this advantage means a significant reduction in the requirements for subset 

models for LES compared to turbulence models to close the RANS equations. In particular, 

experience with LES has convincingly demonstrated that if the condition kI < kΔ < kd is fulfilled, it 

provides high accuracy in calculating not only the averaged and basic statistical, but also the 

pulsation characteristics of turbulence, even when using the simplest sub-grid models. 

 

Like the models for RANS, sub-grid models are generally based on the use of generalised 

Boussinesq hypothesis and Fourier law: 
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 (19) 

 

 

However, this is where the similarities between the two approaches end, as the relations used to 

determine the sub-grid viscosity are fundamentally different from the turbulent viscosity models for 

the Reynolds equations. 

 

The natural price to pay for the described advantages of LES is that it requires incomparably more 

computational resources than RANS. This is due to the need, as in the case of DNS, to perform 

three-dimensional non-stationary calculations on rather small grids, even in cases where the purpose 

of calculation is to determine only parameters of the averaged flow. On the other hand, for obvious 

reasons (the fine-scale part of the spectrum is simulated rather than calculated “exactly”), the 

resources required to implement LES turn out to be much smaller than for DNS. Thus, for the 

calculation of turbulence away from solid walls, the number of grid cells required for LES increases 

with increasing Reynolds number much slower than for DNS: proportional to Re0.4 rather than 

Re2.25. However, near walls, where even energy-carrying vortices have very small sizes, the grid 

requirements for LES become significantly more stringent and approach the same requirements for 

DNS: number of cells required for LES of such currents is proportional to Re1.8.  

 

As an illustration, Fig. 3 shows dependence of the Reynolds number and number of grid cells that 

should be in the inner and outer regions of the boundary layer on the plate when calculating it in the 

framework of LES [13]. The figure shows, in particular, that for Re = 106 the total number of cells 

is ~108.5, where 99% of which are in the inner part of the boundary layer. 

 

DES and SAS turbulence models. As noted above, DES method has been proposed as an alternative 

to RANS and LES methods for the calculation of near wall flows with extensive tearing zones, for 

which RANS models are unable to provide acceptable accuracy and LES requires excessively large 

computational resources, thus delaying its wide practical use. It was taken into account that the 

lion’s share of the computational cost of LES is connected with the calculation of the near-wall part 

of the coupled boundary layers, populated by energy-carrying vortices of small sizes, and that the 

calculation of just such flows with RANS is rather reliable and economical. This naturally led the 

DES authors to the idea of a combined RANS-LES model which would combine the best qualities 

of both methods, namely the reliability and computational efficiency of RANS in coupled boundary 

layers with the clear physics, high accuracy and acceptable computational cost of LES away from 

the walls (see Figure 4). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3 – Dependence of the number of grid cells in the inner and outer regions of the boundary 



DEVELOPMENT OF A MATHEMATICAL MODEL TO IMPROVE THE GAS DYNAMIC PROTECTION OF PLASMATRON 
CATHODE ASSEMBLIES 

 

2117 
 

layer on a flat plate and the total number of grid cells needed for LES of a given flow on Reynolds 

number 

 

This very combination of RANS and LES proposed in 1997 and was called the Detached-Eddy 

Simulation method. This name underlines the fundamental difference between DES and LES. The 

difference is that DES does not “exactly” compute all energy-carrying vortices but only “detached” 

vortices that populate the detached zones, while the vortices populating the regions of the attached 

boundary layers are described by conventional semiempirical RANS models. Another important 

feature of DES is that this approach uses the same “basic” turbulence model in RANS and LES 

regions, which functions as a RANS model inside the wall boundary layer and as its sub - Grid 

Scale or SGS counterpart away from the solid walls. The first version of DES [14] used the SA 

model as such a base model, but later modifications of DES based on other RANS models, in 

particular the SST model [15], have been proposed. 

 

 
 

Figure 4 – Isosurface of the parameter λ2 (modulus of the second eigenvalue of the velocity 

gradient tensor) from the calculations of the precritical flow around a circular cylinder performed 

within different turbulence simulating approaches: 

(a) Two-dimensional steady Reynolds equations, SA model;  

(b) Two-dimensional unsteady Reynolds equations, SA model;  

(c) Three-dimensional unsteady Reynolds equations, SA model;  

(d) SA DES on a coarse grid;  

(e) SA DES on a fine grid. 

 

Figure 4 gives an overview of the possibilities offered by DES compared to other approaches to 

simulate detached flows, using the example of a circular cylinder flowing at Reynolds number Re = 

1,41, corresponding to the subcritical flow regime (laminar boundary layer detachment and 

transition to turbulence in the detached mixing layer). It shows, in particular, that when calculating 

this flow in the framework of the stationary two-dimensional Reynolds equations (2D RANS), the 

velocity field turns out to be symmetric with respect to the geometric symmetry plane of the 

cylinder. 
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When the same problem is solved within non-stationary two-dimensional Reynolds equations (2D 

URANS), a two-dimensional Karman vortex street is formed in the cylinder trace, while using 

three-dimensional equations (3D RANS), longitudinal vortex structures are imposed on it. 

However, for all the principal differences noted, none of these three approaches allow such 

important parameters of the averaged flow as the cylinder drag and the length of the recirculation 

zone in its wake to be predicted with an acceptable degree of accuracy.  

 

In contrast, when using DES, all these parameters can be calculated with fairly high accuracy, even 

on relatively coarse grids (on the order of half a million cells in this case), and as the grid is refined, 

the calculation error decreases and in the limit tends to zero (DES converts to DNS). 

 

The idea behind the DES method is quite simple and is based on the fact that the RANS and LES 

equations share a common form. Furthermore, it is assumed that the RANS model, from which the 

DES model is derived, can be converted into a sub-grid model for LES by replacing the linear 

turbulence scale lRANS, explicit or implicit in all RANS models, by a sub-grid scale l = C.Then 

introducing the hybrid scale:  

 

 

where CDES is an additional model constant similar to that of 

Smagorinsky, we obtain a DES model which, depending on the ratio of the linear scales RANS and 

LES, lRANS and СDES, functions either as a basic RANS model or as its sub-grid version.  

 

An important feature of DES is also the fact that it uses the maximum of the three grid steps at the 

considered flow point as the characteristic “filter” size: max{x, y, z}. 

 

Taking into account the strong anisotropy of grids used in the domain of the coupled boundary layer 

(x  y  z – see Fig. 3), this definition of the linear sub-grid scale for LES seems physically 

more correct than, for example, the most common definition  = (x, y, z)1/3. 

 

The greatest disadvantage of the DES turbulence model is the possibility of incorrect determination 

of the detachment point of the near-wall flow, which is associated with the DES switching to the 

LES mode inside the boundary layer due to the finite-element grid step refinement in the directions 

tangent to the streamlined surface.   

 

For proper operation of DES it is necessary for the whole boundary layer to be in the RANS domain 

while DES must fulfill the inequality     where  is grid steps in the directions parallel to the 

wall,  is the thickness of the boundary layer.  

 

In the works [10, 16, 17], the SAS (Scale-Adaptive Simulation) turbulence models have been 

proposed as an alternative to using DES, which is an improvement of the non-stationary RANS 

method and allows to obtain reliable data for flow pulsations. 

 

The corresponding equations of the SAS turbulence model can be represented as: 
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 (20) 

 

 

where  

 

Unlike the traditional URANS models, which only allow for large-scale turbulent structures, the 

SAS model adapts dynamically to scales already solved and allows for capturing the development 

of turbulent structures in individual flow regions. 

 

The SAS concept is based on the introduction of the Karman length into the turbulence scale 

equation (Qsas term in system (20). The information obtained with this variable allows the SAS 

model to dynamically adapt to the characteristics of structures that have already been solved by 

URANS. This leads to the fact that in areas of unsteady flow the model works similarly to the large 

vortex method. At the same time, in areas where the flow is stationary, the SAS model behaves 

similarly to the RANS models. As can be seen from (20), the model is based on the SST equations 

of turbulence model, which is well-proven for a wide range of problems, including gas-dynamic 

design of cathode assemblies. 

 

The advantages of the SAS-SST turbulence model are obvious: it is more technologically advanced 

than the DES method, the dynamic adaptation of the model to the computational grid size 

eliminates the possibility of false detachment flows related to the quality of the finite element grid. 

 

The model is less demanding in terms of grid quality and number of grid elements than the DES and 

LES models, both in near-wall areas as well as in areas with developed flow. As the number of grid 

nodes increases, the accuracy of the result obtained increases, and the model behaves similarly to 

the LES model of turbulence. 

 

Current tabular and reference data on the transfer properties and thermodynamic properties of gases 

and their mixtures cover limited temperature and pressure ranges. In Order to obtain these 

properties in a given temperature range (300...30000 K), it is necessary to calculate transfer 

equations and transfer coefficients included in these equations – viscosity, thermal conductivity, 

electrical conductivity, coefficients characterising the diffusion and thermodiffusion properties of 

the components. There are methods for calculating transfer coefficients based on higher 

approximations of Chapman-Enskog method in a wide range of pressure and temperature taking 

into account chemical reactions and ionization [18, 19]. The main assumptions used in the method 

are listed below: 

 

• the gas mixture is treated as a mixture of ideal dilute gases, i.e. the following relations take 

place: d* << l* << L*, where d* is the average particle size, l* is the average free path length, 

L* is the variation scale of macroscopic characteristics (characteristic flow size);  

• -collisions of all particles are binary, distribution functions for all particles fk (k = 1,…,N) 
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deviate little from the Maxwell equilibrium fk
(0), i.e. fk =  fk

(0)(1 + k
(1)), and Boltzmann 

equations can be solved by the Chapman-Enskog method with expansion of corrections to 

distribution functions k
(1) by Sonin polynomials; 

• gas and plasma are assumed to be thermally equilibrium, i.e. all degrees of freedom of 

atoms, molecules, ions and electrons (translational, rotational, vibrational, electronic) have 

the same temperature T. 

• plasma is ideal; 

• external magnetic field is absent or small and does not affect the transport properties of 

plasma; 

• the influence of chemical reactions and ionization on the transfer coefficients can be 

neglected, i.e. “chemical” inelastic collisions disturbing the equilibrium distribution cannot 

be taken into account. This corresponds to the assumption that characteristic times of all 

reactions are large in comparison with average free paths of particles and reaction rates are 

much smaller than the rate of establishment of Maxwell equilibrium due to elastic collisions. 

 

Parameters of a given model of interaction potential or scattering cross-section can be obtained 

(reconstructed) by means of experimental beam scattering studies; for example, scattering cross-

sections for electron-atom and electron-molecule interactions are obtained in [20]. Other 

experimental data are also used: study of the ion mobility in the electric field, spectroscopic data, 

etc. 

 

If for the required type of interaction of complex particles (molecules, ions) there are no reliable 

experimental and theoretical data, the interaction potential can be constructed with the help of 

empirical methods, for example, the method of atom-atom potentials [21], which uses the sum of 

interaction potentials of separate atoms, composing a complex particle. 

 

In the works [22, 23] available experimental and theoretical data on collision cross-sections and 

interaction potentials are analysed, the most reliable data and models for all kinds of interactions are 

chosen and collision integrals of all necessary orders are calculated, if there were no data available 

for them in literature.  

 

Models of interaction potentials and formulas approximating the collision integrals for main types 

of interactions are presented in the work [24].  

 

The results of numerical calculation of the transfer coefficients for air and argon are given in 

Figures 5-8 (here the dashed lines correspond to air and the solid lines to argon). 
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Figure 5 – Dependencies of component heat capacity on temperature 

 

 
 

Figure 6 – Dependencies of component conductivity on temperature 
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Figure 7 – Dependencies of component thermal conductivity on temperature  

 

 
 

Figure 8 – Dependencies of component thermal conductivity on temperature 

 

Results of the study and their discussion 

The results of numerical experiments on the test problem (Fig. 9) using the above mathematical 

dependencies (2) - (20) for models with cold gas purging show good agreement with experimental 

data only for the initial operating stages of the plasma equipment. 

 

 
Figure 9 - Schematic diagram of the test problem  

 

However, in operating modes, the presence of an intense heat source (electric arc) significantly 

affects both the flow pattern and the properties of the gas mixture components. 

 

In the work [25], an approach based on representation of electric arc as a volumetric energy source 

was proposed to determine the parameters of gas dynamic protection. The following problem was 

considered: plasma-forming gas (argon) is fed through hollow cathode with G1 flow rate and 

through coaxial gap with G2 flow rate between cathode and channel wall. The gas feeding through 

the cathode cavity is axial, through the gap – with the possibility of swirling.  

 

The arc (shaded in the figure) burns between the hollow cathode and a flat surface perpendicular to 

the axis of the cathode assembly. 
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In the test problem, the heat transfers between the gas flow and the walls were not considered. The 

walls of the hollow cathode and the heated surface were considered adiabatic and the condition of 

constant temperature was set for the channel walls of the cathode assembly. The gas inside the 

cathode assembly was simulated as an ideal two-component mixture (air + argon). Nonlinear 

dependence of component characteristics on temperature was taken into account, and the intensity 

of the volume source was determined taking into account Joule heating and arc radiation.  

 

In the works [25, 26] the results on determining the atmosphere composition in the cathode 

assembly channel, obtained according to the results of cold blows and taking into account the arc 

influence on the flow parameters and properties of gas mixture components were compared. At the 

same geometrical parameters of the problem and noble gas flow rates, the results differed 

significantly. The partial pressure of air near the cathode for the problem taking into account the 

influence of arc was more than 60 Pa (Fig. 10), which exceeds the critical level for all known 

emission materials. 

 

 
 

Figure 10 – Partial air pressure at the cathode cut-off 

1 – gas-dynamic approach with consideration of thermal impact of electric arc; 

2 – proposed approach with consideration of the magneto-electric component (left ordinate scale);  

3 – gas-dynamic approach  

 

Recently, another approach to simulating flows in plasma generators, based on the application of 

the MGD approximation, has become increasingly popular. The popularity of this approach is 

largely due to the introduction of MGD flow simulation capabilities in recent versions of 

commercial CFD packages (ANSYS CFX, FLUENT, etc.). In the work [27], a comparative analysis 

of different approaches to simulation processes in the electric arc equipment has been performed. 

 

The results obtained for similar geometry within magnetogasdynamic approach showed significant 

difference in partial pressure values both for the case of cold blows and for the case with electric arc 

simulation. 
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Fig. 10 shows that the partial pressure for the case of MGD simulation makes 3...6∙104 Pa, while for 

the gas-dynamic approach the maximum pressure near the cathode makes only 60 Pa. Such 

difference in the results is explained, first of all, by non-uniformity of temperature field inside the 

gas-discharge channel (see Fig. 11). 

 

 
а 

 
b 

Figure 11 – Temperature distribution for the test problem within gas-dynamic (a) and 

magnetogasodynamic approaches (b) 

 

The gas dynamic approach considers only one mechanism for oxygen-containing gases to penetrate 

into the cathode space – counter diffusion along the channel wall in the boundary layer. In the case 

of MGD problem the main mechanism of penetration of oxygen-containing gases is their 

penetration into the reverse flow area resulting from chaotic movement and bending of the electric 

arc caused by the interaction of the arc itself with the cold gas flow and the action of 

electromagnetic Lorentz force. 
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As a test case in this paper, the following problem was considered: a cylindrical tungsten cathode 

has a length of 30 mm and a diameter of 3.2 mm. The cathode is tapered at an angle of 60 degrees 

and has a flat pad of 0.2mm diameter at the end. The flat copper anode is 5 mm from the end of the 

cathode. In calculations, the flow rate of protective gas (argon) through an annular slot of 5mm, 

10l/min, which corresponds to a speed of 1.3 m/s, is set. The temperature at the outer end of the 

cathode and at the lower surface of the anode is fixed at 300 K. 

 

An adiabatic wall condition is set on the side surface of the anode. The ambient temperature is 

300K. When simulating the multi-component composition of the gas medium (air-argon) has been 

taken into account. 

 

As the initial conditions in the area between the cathode and anode, a zone with the initial 

temperature of about 7000-1200 K is set to impart the initial conductivity to the gas. 

 

Based on the recommendations of the work [28], the cell sizes for the electrode sheathes of the 

finite-element model, hexagonal grid were chosen – 0.01 cm and 0.04 cm which corresponded to 

the ratio De / W, where De – the electron diffusion coefficient and W – the electron drift velocity. 

These values of wall element sizes provide the most stable computational process. 

 

Convergence control of the solution was carried out based on the condition:  

 

 

                                         , 

 

 

where  is the value of the variable in the assembly M of the control volume obtained in the 

previous iteration of the solution, and * is the value in this iteration,  – 0.005. 

 

Fig. 12 shows the picture of isotherms and flow obtained from the simulation, the maximum 

temperature was 21800 K and maximum on-axis velocity of cathode jet was 275 m/s which is in 

satisfactory agreement with the results of other authors. In Fig. 13 the dependence of the 

temperature on the distance to the cathode axis is shown both experimentally and numerically. 

 

The discrepancy with the experimental data was not more than 6% for the temperature and 3% for 

the maximum velocity. 
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Figure 12 – Temperature field (left) and velocity field of argon plasma 

 

 
 

Figure 13 – Dependence of temperature on distance to cathode axis 

1, 2 – existing experimental and calculated data;  

3 – the author’s results  
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Conclusions  

1. The main approaches to mathematical simulation of physical processes in plasma have been 

analysed. It has been proposed and developed a mathematical model based on the 

magnetogasdynamic approach for describing plasma. 

2. As a result of comparative analysis of existing turbulence models, as well as comparing 

simulation results with other authors and experiments, SAS - SST turbulence model has 

been selected, which most fully meets all the requirements for simulation of flows in the 

plasmatron channels. 

3. It is shown that the results obtained within the gas-dynamic and magnetogasdynamic 

approaches differ significantly. Thus, the analysis of the atmosphere composition for the test 

problem showed a difference of three orders of magnitude for the values of partial pressure 

of oxygen-containing gases in the cathode sheath. The main mechanism of oxygen-

containing gases penetration is the non-stationary behaviour of the electric arc. Moving of 

the arc roots contributes to formation of vortex structures and reverse flows towards 

cathode. 

4. The comparative analysis of the results of simulation of a free-flaming electric arc of 

atmospheric pressure has shown an acceptable quantitative and qualitative agreement of the 

obtained result with the experimental data. The tolerance comprised up to 6% for 

temperature values and up to 3% for maximum velocity values at arc axis. 
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