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Abstract

This research provides a comparative analytical examination of the one-
dimensional heat and wave equations through the method of separation of variables.
Both equations are analyzed on a finite interval with homogeneous Dirichlet boundary
conditions. This framework results in an identical spatial eigenvalue problem and a
common set of orthogonal sine eigenfunctions. The primary difference between the two
models manifests in the temporal component of the separated solutions. In the case of
the heat equation, each Fourier mode is accompanied by an exponentially decaying
factor, which facilitates diffusion, smoothing, and convergence towards equilibrium.
Conversely, the wave equation produces oscillatory sine and cosine temporal factors,
leading to sustained modal motion in the absence of damping.
The study derives the analytical Fourier sine series solutions for both equations and
contrasts their temporal behavior, long-term behavior, and handling of high-frequency
modes. To substantiate the theoretical results, numerical and graphical representations
based on truncated Fourier series are provided. The findings indicate that, despite the
heat and wave equations possessing the same spatial eigenfunctions under the specified
boundary conditions, their qualitative behaviors are inherently different. This
distinction is influenced by the order and nature of the time derivative: first order in the
heat equation and second order in the wave equation. The comparison elucidates the
mathematical differences between parabolic and hyperbolic partial differential
equations and underscores the divergence between diffusion and wave propagation.
Keywords: Heat equation; Wave equation; Separation of variables; Fourier sine series;
Eigenvalue problem; Orthogonal eigenfunctions; Long-time behavior; High-frequency
modes.
1. Background and Research Problem
Partial differential equations serve as a crucial mathematical framework for
characterizing physical phenomena that are influenced by both spatial and temporal
variables [1]. Notable classical models in this domain include the one-dimensional heat
equation and the one-dimensional wave equation, which emerge naturally in the
examination of diffusion, heat transfer, vibrations, and wave propagation [12]. Despite
the fact that these two equations pertain to distinct physical processes, they can be
investigated within a shared mathematical context, facilitating a direct comparison of
their solution structures [4].
In this research, both equations are analyzed on a finite interval

O0<x<L,t>0,

under homogeneous Dirichlet boundary conditions. The one-dimensional heat equation
is given by
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U = KUyy, K > 0,

where u(x, t)represents the temperature distribution and kis the thermal diffusivity. The
one-dimensional wave equation is written as
Vet = €20y, ¢ > 0,

where v(x, t)represents the displacement of a vibrating medium and cis the wave
speed.
A standard analytical method for solving such linear boundary value problems is the
method of separation of variables [3]. This method assumes that the solution can be
expressed as a product of a spatial function and a temporal function, for example

w(x, t) = X(x)T(t).

Under the homogeneous boundary conditions
X0)=0,X(L) =0,

both the heat equation and the wave equation lead to the same spatial eigenvalue
problem
X" +2X =0,X(0) = X(L) = 0.

The corresponding eigenvalues and eigenfunctions are

Ap = (nTn)z,Xn(x) = sin (nLLx),n =123, ...

These eigenfunctions form the basis for constructing Fourier sine series solutions for
both equations [2].
Despite this common spatial structure, [4] the temporal components of the separated
solutions are fundamentally different. For the heat equation, the time-dependent
function satisfies

T' + kAT =0,

which gives an exponentially decaying factor. For the wave equation, the corresponding
temporal equation is
T" + c?AT = 0,

which results in oscillatory sine and cosine components. Consequently, the same
category of spatial eigenfunctions yields two different forms of time evolution [1].
The research issue tackled in this investigation is thus to elucidate, through a cohesive
separation-of-variables approach, the reason why the one-dimensional heat equation
generates dissipative solutions, whereas the one-dimensional wave equation results in
oscillatory solutions. More specifically, the research examines how the distinction
between the temporal equations influences the disparity between diffusion and wave
propagation.

In this context, the primary inquiry of this study is:

How does the temporal aspect of the separated solution clarify the essential difference
between exponential decay in the one-dimensional heat equation and enduring
oscillation in the one-dimensional wave equation?

2. Objectives and Scope of the Study
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The primary aim of this research is to provide a thorough analytical comparison of the
one-dimensional heat and wave equations through the application of the separation of
variables technique. This study seeks to illustrate how two equations, which share the
same spatial eigenvalue problem, can yield distinct temporal behaviors.
More specifically, the goals of the research are:
1. To establish the one-dimensional heat and wave equations on a finite interval while
adhering to homogeneous Dirichlet boundary conditions.
2. To derive the relevant Fourier sine series solutions utilizing the eigenvalues and
eigenfunctions acquired from the corresponding spatial boundary value problem.
3. To examine and contrast the temporal behavior of the separated solutions, with a
particular focus on exponential decay in the heat equation and oscillatory motion in the
wave equation.
4. To elucidate the mathematical differences between diffusion and wave propagation
as demonstrated by the structure of the resulting analytical solutions.
The study's scope is confined to linear one-dimensional problems defined within the
interval.

0<x<Lt>0.

The coefficients k > O0and ¢ > Oare assumed to be constant. The heat equation is
considered with one initial condition, while the wave equation is considered with initial
displacement and initial velocity. The boundary conditions are assumed to be
homogeneous Dirichlet conditions at both endpoints.

The initial functions are assumed to be sufficiently regular so that they can be
represented by Fourier sine series on (0’ L). The study focuses on analytical solutions
obtained by separation of variables and does not include nonlinear effects, source terms,
external forcing, damping, variable coefficients, or nonhomogeneous boundary
conditions.

3. Mathematical Preliminaries

This section introduces the mathematical tools required for the analytical treatment of
the heat and wave equations. Throughout the study, the spatial domain is the finite
interval (0’L), and the time variable satisfies t > 0. The functions considered are
assumed to have sufficient regularity for the required differentiations, integrations, and
Fourier series expansions to be valid.

For functions defined on (0 L), the standard inner product in L?(0, L)is defined by [5]

L
(f.9)= | FO9) dx
0
with the associated norm

L 1/2
Il f ||L2(0,L)= <J |f(x) |2 dx) .
0

This inner product is used to express the orthogonality of the sine functions that arise
from homogeneous Dirichlet boundary conditions. In particular, the functions [6]

sin (nLﬂ)n =123, ..,

satisfy the orthogonality relation
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0, )
LLsin (mzrx) sin (mzx) dx = {%’ : i :

Consequently, a suitable function f (x)defined on (0’ L)can be represented by a Fourier
sine series of the form [6].
. mux
f(x) = Z b, sin (T)'
n=

where the Fourier sine coefficients are given by [6]:
nmx

b, = % fo Lf(x)sin (T) dx.

For functions in L2(0, L), this expansion is understood in the L?-sense, while stronger

forms of convergence may be obtained under additional smoothness assumptions on f

[5].

The homogeneous Dirichlet boundary conditions used in this study are expressed as
w(0,t) =0,w(L,t) =0.

These conditions naturally lead to sine eigenfunctions in the spatial variable. Thus,

Fourier sine series provide the appropriate basis for constructing the separated solutions

of both the heat and wave equations [7]. The same orthogonal structure will be used for

the two models, while the distinction between them will appear in the corresponding

time-dependent equations.

4. Separation of Variables and Eigenvalue Problem

The method of separation of variables is used to reduce the given partial differential

equations into ordinary differential equations in the spatial and temporal variables [3].

For a one-dimensional problem, the solution is assumed to have the product form
w(x, t) = X()T(¢),

where X (x)is the spatial component and T (t)is the temporal component. This method
is particularly suitable for linear problems with homogeneous boundary conditions [7].
For the heat equation

Up = Klyy,

we assume
u(x, t) = X(x)T(t).

Substitution gives
X()T'(t) = kX" (xX)T(t).

Dividing by kX (x)T (t), where X (x)T (t) # 0, yields
') _X"(x)
kT(t) X(x) '

Since the left-hand side depends only on tand the right-hand side depends only on x,
both sides must be equal to a constant. We choose the separation constant as —A. Hence,
X'"+2X =0,
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and
T'+ kAT = 0.

For the wave equation
— 2
Vtt = C"VUxx»

we similarly assume
v(x, t) = X(x)T(t).

Substitution gives
X()T" (t) = c2X" (x)T(b),

and therefore
T”(t) _ Xll(x) _

c2T(t)  X(x)

Thus, the same spatial equation is obtained,
X"+1X =0,

while the temporal equation becomes
T" + ¢?AT = 0.

The homogeneous Dirichlet boundary conditions require
X(0)=0,X(L)=0.

Therefore, the spatial eigenvalue problem is [8]
X"+2X=00<x<L,

with
X(0)=0,X(L) =0.

Nontrivial solutions exist only for positive eigenvalues [8]. Let
A=u%u>0.

Then
X"+ u’x =0,

whose general solution is
X(x) = Acos (ux) + Bsin (ux).

Using X (0) = Ogives
A=0.

Thus,
X(x) = Bsin (ux).

The condition X (L) = Ogives
Bsin (uL) = 0.
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For a nontrivial solution, B # 0, and hence
sin (uL) = 0.

Therefore,
uL =nm,n =123, ...

It follows that the eigenvalues are [8]
2

A, = (nTn) n=123, ..,

and the corresponding eigenfunctions are [§]
nmwx

Xp(x) = sin (T)

Thus, both the heat equation and the wave equation share the same spatial
eigenfunctions [7]. The essential difference between the two models appears in the
temporal equations: the heat equation leads to first-order exponential decay, whereas
the wave equation leads to second-order oscillatory motion [1].
5. Analytical Solution of the Heat Equation
Consider the one-dimensional heat equation

U = KUy, 0 <x <L, t>0,

subject to the homogeneous Dirichlet boundary conditions
u(0,t) =0,u(L,t) =0,

and the initial condition
u(x,0)=f(x),0<x<L.

Using the separation of variables framework established above, the separated solution
is written as
u(x,t) = X(x)T(t).

For the heat equation, the corresponding spatial and temporal equations are
X"+1X =0,

and
T' + kAT = 0.

From the homogeneous boundary conditions, the admissible eigenvalues and
eigenfunctions are
nm?

A, = (T) X, (x) = sin ("Lﬂ)n =123, ....

For each eigenvalue 4,,, the temporal equation becomes
T, + kA, T, = 0.

Its solution is
T,(t) = C, e "t
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Ihus, eaCh Separated SOlutiOIl haS the fOI‘m
u (x t) - (' g—KAntsi (TlTL'X)
n ) n n l *

By the principle of superposition for linear equations, the solution can be expressed as
a Fourier sine series [10]:

nmx
— —KApt
u(x, t) = Elbne sm( L )
n=

The coefficients b, are determined from the initial condition. Setting t = Ogives
. (nmx
flx)= Z b, sin (T)
n=1

Using the orthogonality of the sine eigenfunctions, the Fourier coefficients are

b = 2 j L . (TlTTS) d
n=7 . f(s)sin I S.
Therefore, the analytical solution of the heat equation is

= Y [ eomin (222 as] o s (22,
0
n=1

This formula shows that the initial temperature distribution is decomposed into sine
modes, and each mode decays exponentially in time at a rate determined by the
corresponding eigenvalue [9].

6. Qualitative Behavior of the Heat Equation Solution
The solution of the heat equation can be written as

u(x, t) = ibn e *ntsin (nLﬂ) Ay = (%)2
=

This representation shows that the time evolution of each Fourier mode is governed by

the exponential factor
e~ KAnt .

Since k > 0and A,, > 0, each mode decays as time increases. Moreover, because
Angrows like n?, higher-frequency modes decay faster than lower-frequency modes.
Consequently, rapid oscillations in the initial data are strongly damped, and the solution
becomes smoother for t > 0.[11]

The decay of the solution may also be observed through its L2(0, L)-norm. Using the
orthogonality of the sine functions,

L [ee]
luC,t) Nzg= 52 b3 e~ 2kAnt,
n=1
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This expression is nonincreasing in time and tends to zero under homogeneous Dirichlet
boundary conditions [13]. Hence,

lim u(x,t) =0,

t—oo
for appropriate initial data. The zero limiting state is associated with thermal
equilibrium when both ends of the rod are kept at zero temperature [9].
The parameter k governs the diffusion rate. A higher value of k results in a quicker
decay of all modes, whereas a lower value delays the approach to equilibrium.
Consequently, the qualitative characteristics of the heat equation are defined by
exponential decay, smoothing of the initial data, attenuation of high-frequency
components, and convergence towards equilibrium [11]. These attributes illustrate the
dissipative and parabolic characteristics of the heat equation [14].
7. Analytical Solution of the Wave Equation
Consider the one-dimensional wave equation

Ve = €20y, 0 < x < L, t > 0,

subject to the homogeneous Dirichlet boundary conditions
v(0,t) =0,v(L,t) =0,

and the initial conditions
v(x,0) = f(x),v:(x,0) = g(x),0 <x <L.

Using the separation of variables framework, assume
v(x,t) = X(x)T(t).

Substitution into the wave equation gives the spatial and temporal equations
X'"+AX =0,

and
T" + c?AT = 0.

From the homogeneous boundary conditions, the eigenvalues and eigenfunctions are
2

Ay = (%) , Xn(x) = sin (nLﬂ),n =123, ...

For each eigenvalue 4,,, the temporal equation becomes
T, + c22,T, = 0.

Thus,

The general solution is
cnmt . (cnmt
T,.(t) = A,cos ( I >+Bn51n ( I )

Therefore, by the principle of superposition, the solution of the wave equation is
represented as the Fourier sine series [12]:
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o

v(x,t) = Z [Ancos (%nt> + B,sin (crznt)} sin (nLﬂ)

n=1

The coefficients A,and Bjare determined from the initial displacement and initial
velocity. Setting t = Ogives

v(x,0) = iA sin (1) = £()
) - n L - .
n=1
Hence,
_ 2 f L . (TlT[S) d
=7 . f(s)sin L s.
Next, differentiating the solution with respect to t, we obtain

cnm | /cnmt cnm cnmt\] . nux
vt(x,t)zz —AnTsm( i )+Bn I cos( I )]sm (T)

n=1

Using the initial velocity condition v (x,0) = g(x), we get

gx) = ZB CnTnsin (nLLx)

n=1
Thus,
cnmw 2 (F _mms
BnT = ZJO g(s)sm (T) dS,

and therefore

Consequently, the analytical solution is
(00}

cnmt _[cnmt\] . /nnx
v(x, t) = Z [Ancos (T) + B,sin ( I )] sin (T)'

n=1

where
nn

jf(s)sm —) ds,

and
L

B, = 2 g(s)sin (?) ds.

cnm
This solution expresses the dlsplacement as a superposition of standing wave modes.
Each mode has the spatial shape
. (‘HJUC)
sin (—
L

and oscillates in time with angular frequency
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8. Qualitative Behavior of the Wave Equation Solution
The analytical solution of the wave equation is given by

(0]

v(x, t) = Z [Ancos (@) + B,sin (crznt)} sin (?)

n=1

This representation shows that the solution is a superposition of standing wave modes
[12]. Each mode has the spatial form
. (TLTTX )
sin (—),
. . . L
and evolves in time through the oscillatory factors

(cnrtt) dsi (cnnt)

cos andsin .

L L

Thus, unlike the heat equation, the wave equation does not contain an exponential
damping factor. In the ideal homogeneous case considered here, the modal amplitudes
are not naturally reduced by the equation itself [13]. Instead, each mode continues to

oscillate in time.

The angular frequency of the n-th mode is [12]
cnm
Wy = T .

Consequently, higher modes exhibit more rapid oscillations due to the linear increase
of wn with respect to n. Nevertheless, the impact of each mode is contingent upon the
coefficients An and Bn, which are established by the initial displacement f(x) and the
initial velocity g(x), respectively.
A fundamental qualitative characteristic of the homogeneous wave equation is the
principle of energy conservation. For solutions that are sufficiently smooth and adhere
to the fixed-end boundary conditions, the total energy is defined as
1 L
E(t) = EJ [v2(x,t) + c?v2(x, t)] dx.
0
In the absence of damping and external forcing, this energy remains constant in time
[13]:

E(t) = E(0).

This conservation property elucidates the reason why the solution does not diminish to
zero in general; rather, it demonstrates a continuous oscillatory motion [13].
Consequently, the solution to the wave equation is defined by modal oscillation, the
persistence of energy, reliance on both initial displacement and initial velocity, and the
lack of intrinsic damping. These characteristics highlight the conservative and
hyperbolic nature of the wave equation [14].

9. Comparative Analysis of the Two Solutions

The analytical solutions obtained for the heat and wave equations indicate that both
models possess an identical spatial structure; however, they fundamentally differ in
their temporal behavior [19]. When applying homogeneous Dirichlet boundary
conditions on (0@,L), both equations yield the same eigenfunctions.

X,(x) = sin (nLix),n =123, ...
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Thus, the spatial part of the solution is not the source of the main difference between
the two models. Instead, the distinction arises from the time-dependent equations
associated with each Fourier mode.

For the heat equation, the solution has the form

c nmy 2
u(x,t) = Zl by e X, (0,20 = () -
n=
Each mode is multiplied by the exponentially decaying factor

e—rc/lnt

Since k¥ > Oand A,, > 0, all modes decay as tincreases. Moreover, because A, grows
quadratically with n, high-frequency modes decay more rapidly than low-frequency
modes. This produces smoothing and drives the solution toward equilibrium [11].

For the wave equation, the solution is

v(x,t) = 2 (405 (c/Tnt) + Bysin (cy7nt)] Xn ().
n=1
In this context, the temporal factors are depicted by sine and cosine functions. These
factors demonstrate oscillatory behavior and remain unchanged over time. As a result,
in the absence of damping or external forces, the wave equation sustains oscillatory
motion rather than permitting it to dissipate [13]. The -th mode oscillates at an angular

frequency.
cnm
Wy = C4f An = T .

Consequently, high-frequency modes oscillate at a faster rate; however, they are not
inherently damped by the equation itself.

The distinction between the two solutions is also evident in the necessary initial data.
The heat equation is first order in time, thus necessitating only a single initial condition,
u(x,0) = f(x).

In contrast, the wave equation is second order in time and requires two initial

conditions,

v(x,0) = f(x), ve(x, 0) = g(x).
This difference indicates that the heat equation evolves from an initial distribution,
while the wave equation evolves from both an initial displacement and an initial
velocity [10].
The main comparative features are summarized in Table 1.
Table 1. Comparative features of the heat and wave equations

Feature Heat Equation Wave Equation
Model equation U = KUy Vep = C2Vyy
Type of PDE Parabolic Hyperbolic
Spatial . (NMTTX . (nmx

sin (— sin (—
eigenfunctions ( L ) ( L )
Temporal factor g~ "nt cos (cy/A,t), sin (cy/A,t)

Time behavior
Initial data

Exponential decay
One initial condition

Periodic oscillation
Two initial conditions

High-frequency Rapidly damped Rapidly oscillatory

modes

Long-time behavior = Approaches Persistent motion in the undamped
equilibrium case
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Physical Diffusion and Wave propagation and vibration
interpretation smoothing
The analysis indicates that the two equations are intricately linked via their shared
spatial eigenvalue problem; however, their temporal frameworks yield distinctly
different qualitative behaviors. The heat equation illustrates a dissipative process
characterized by the gradual loss of energy through diffusion, whereas the wave
equation exemplifies a conservative process where energy oscillates between kinetic
and potential forms [19]. Consequently, the mathematical differentiation between the
two models is primarily dictated by the form and order of the time derivative: first order
in the heat equation and second order in the wave equation [14].
10. Numerical and Graphical Illustrations
To illustrate the analytical results, truncated Fourier sine series are used [15]. This
approach does not introduce a separate numerical discretization scheme; rather, it
evaluates finite-term approximations of the exact series solutions [16]. The purpose of
this section is to visualize the difference between the diffusive behavior of the heat
equation and the oscillatory behavior of the wave equation.
For simplicity, the following normalized parameters are used:
L=1xk=1c=1.
The same initial profile is chosen for both equations:
fx)=x(1—-x),0<x<1.

For the wave equation, the initial velocity is assumed to be zero:

gx)=0.
This choice allows the two solutions to be compared under the same initial displacement
or temperature distribution.
The Fourier sine coefficients of f(x) = x(1 — x)on (0’ 1)are
1

b, = Zf x(1 — x)sin (nmx) dx.
0
Evaluating the integral gives

p _ 4= DY

,n=1273,...
n3m3

Hence,

8
by = {ﬁ nodd
0,

n even.
Using the first Nterms, the truncated heat equation solution is

N
uy (x,t) = Z b, e " "tsin (nmx).
n=1

For the wave equation, since g(x) = 0, the truncated solution becomes

N
vy(x, t) = Z b, cos (nmt)sin (nmx).
n=1

In the graphical comparison, the solutions are evaluated for selected times, for example
t=0,t =0.05¢t=0.10,t = 0.25.

A suitable value such as N = 50may be used to obtain accurate plots, since the

coefficients b,decay as n~3 [18]. The resulting graphs should display uy(x, t)and

vy (x, t)on the interval 0 < x < 1for the selected values of t [17].
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For the heat equation, the plots show that the initial profile decreases in amplitude as
time increases. The solution becomes smoother and gradually approaches the zero
equilibrium state. This behavior is caused by the exponential factor
e—nznzt,

which strongly damps the higher Fourier modes.
For the wave equation, the plots show that the solution does not decay. Instead, the
initial profile evolves into an oscillatory motion governed by the factor

cos (nmt).
The modal amplitudes persist even when damping is absent, while the signs and phases
of the modes vary periodically over time.
Consequently, the graphical outcomes corroborate the analytical findings. The heat
equation demonstrates diffusion, smoothing, and a tendency to decay towards
equilibrium, in contrast to the wave equation, which shows continuous oscillation.
Despite both equations commencing from an identical initial profile and employing the
same sine eigenfunctions, their time-dependent factors yield distinctly different
solution behaviors.

Truncated Fourier Sine Series Solution of the Heat Equation

0.25 + Time
— = O
— t=0,05
— = 0,1
0.20 -

t=0.25

UN(X| t)

0.05 A

0.00 €

0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 1. Truncated Fourier sine series solution uy (x, t)of the heat equation for f(x) =
x(1—x),L=1,k=1,and N = 50, at selected times.

270

—
| —



A Comparative Analytical Study of the Solutions of One-Dimensional Heat and Wave Equations via Separation
of Variables and Fourier Series

Truncated Fourier Sine Series Solution of the Wave Equation

0.25 1

0.20 1

0.15 A

vnix, t)

0.10 1

0.05 4

0.00 -

0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 2. Truncated Fourier sine series solution vy (x,t)of the wave equation for
f(x)=x(1—-x),9(x)=0,L=1,c=1,and N = 50, at selected times.
11. Discussion of Results
The analytical and graphical findings validate that the one-dimensional heat and wave
equations share a common spatial structure, yet exhibit fundamentally distinct time
evolution. When subjected to the same homogeneous Dirichlet boundary conditions,
both equations yield the sine eigenfunctions.
nmx
sin (T)n =123, ...
This suggests that the boundary conditions dictate the spatial modes in both models.
Consequently, the primary difference between the two equations does not stem from
the spatial component, but rather from the temporal component of the separated
solution.For the heat equation, the factor
e—ldnt
Each Fourier mode experiences exponential decay. As An increases with n2, high-
frequency modes diminish more quickly than their low-frequency counterparts. This
phenomenon elucidates why the heat equation smooths the initial data and propels the
solution towards the zero equilibrium state when subjected to homogeneous Dirichlet
boundary conditions. The numerical example using f(x)=x(1—x) reinforces this
conclusion, as the heat profiles depicted in the plot show a reduction in amplitude over
time.
For the wave equation, the temporal factors
cos (c\/l_nt)andsin (c\/l—nt)
produce oscillatory motion rather than decay. The frequencies increase with n, so higher
modes oscillate more rapidly. However, unlike the heat equation, these modes are not
suppressed by an exponential damping factor. As a result, the wave equation preserves
oscillatory behavior in the ideal undamped case. The graphical illustration with g(x) =
Odemonstrates this behavior, since the solution continues to oscillate instead of
approaching equilibrium.
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The analysis further indicates that the sequence of the time derivative is crucial in
determining the qualitative characteristics of the solution. The first-order time
derivative present in the heat equation results in a dissipative evolution, while the
second-order time derivative found in the wave equation results in a conservative
oscillatory evolution. Therefore, despite both equations possessing the same
eigenfunctions under the specified boundary conditions, their solutions exhibit notable
differences in long-term behavior, handling of high-frequency modes, and physical
interpretation.

These findings reinforce the primary aim of the research: to demonstrate that the
distinction between diffusion and wave propagation can be mathematically elucidated
through the temporal equations derived from the separation of variables. The heat
equation signifies smoothing and decay, whereas the wave equation signifies vibration
and enduring modal motion.

12. Conclusion

This research conducted a comparative analytical examination of the one-dimensional
heat and wave equations through the method of separation of variables.

Both equations were analyzed within a finite interval while adhering to homogeneous
Dirichlet boundary conditions. This shared framework resulted in an identical spatial
eigenvalue problem and a corresponding family of orthogonal sine eigenfunctions.

X, (x) = sin (nLLx),n =123 ...

The analysis showed that the essential difference between the two models lies in the
temporal component of the separated solutions. For the heat equation, each Fourier
mode is multiplied by the exponentially decaying factor

e—}dnt’
which produces diffusion, smoothing, damping of high-frequency modes, and
convergence toward equilibrium. For the wave equation, the corresponding temporal
factors are

cos (c\//l—nt)andsin (c\//l—nt),

which generate enduring oscillatory behavior in the absence of damping.

The comparative analysis additionally revealed that the order of the time derivative is
crucial in determining the qualitative behavior of each equation. The first-order time
derivative in the heat equation results in dissipative evolution, while the second-order
time derivative in the wave equation results in conservative oscillatory motion.
Consequently, although both equations possess the same spatial eigenfunctions under
the specified boundary conditions, their long-term behavior and handling of high-
frequency modes are fundamentally distinct.

The numerical examples based on truncated Fourier sine series corroborated the
theoretical findings. The solution to the heat equation diminished in amplitude and
approached equilibrium, whereas the solution to the wave equation sustained
oscillatory motion. Thus, the study validates that the difference between diffusion and
wave propagation is mathematically represented in the temporal component of the
separated solutions. This offers a clear comparison between parabolic and hyperbolic
partial differential equations within a cohesive analytical framework. k.
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